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Abstract. Characteristic properties of corings with a grouplike element are anal- 
ysed. Associated differential graded rings are studied. A correspondence between 
categories of comodules and flat connections is established. A generalisation of the 
Cuntz-Quillen theorem relating existence of connections in a module to projectivity 
of this module is proven. 



1. Introduction 

The notion of a coring was introduced by Sweedler in [ p7| as a generalisation of coal- 
gebras over commutative rings to the case of non-commutative rings. While the theory 
of coalgebras has been developed quite substantially over the last quarter of the cen- 
tury, most notably after the discovery of large classes of examples coming from quantum 
groups, the progress in the coring theory was hampered by the lack of examples. Recently 
M. Takeuchi realised that the compatibility condition between an algebra and a coalgebra 
known as an entwining Q can be recast in terms of a coring. Entwining structures and 
the associated categories of entwined modules j|] unify and generalise various categories 
of Hopf modules such as relative Hopf modules ||2^ , (wj , Yetter-Drinfeld modules , 
|24[ or Doi-Koppinen Hopf modules , . Several classes of examples of entwining 
structures are known (cf. recent monograph [^). Thus it turns out that the theory of 
corings is very rich in examples. Once a coring is built from an entwining structure, the 
category of entwined modules is isomorphic to the category of comodules of this coring. 
Various properties of entwined modules can be understood and more simply derived from 
general properties of corings and their comodules. A programme of studying of corings 
from this point of view was initiated in P| and is now gaining a momentum with several 
new results reported in the area (cf. §,[||,[|l|,|l|],|§, @). 

The present paper is devoted to the study of general properties of those corings, which 
have a grouplike element. These are corings most closely related to the original example 
studied by Sweedler in and they reveal the richness of structure, with vistas on the 
(noncommutative) descent theory and noncommutative geometry. We begin in Section 2 
by recalling the basic definitions and examples, and by deriving elementary properties of 
corings with a grouplike element. We then proceed in Section 3 to recall their connection 
with graded differential rings, and reveal their close relationship with noncommutative 
connections in Section 4. 

All rings in this paper are associative and unital, and the unit of a ring R is denoted by 
lu, while Mi^ denotes the category of right i?-modules, and /;M the left i?-modules etc. 
All algebras and coalgebras are over a commutative ring k, undecorated tensor products 
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and homomorphisms are over k. The identity morphism for any object X in any category 
is denoted by the same symbol X. 

2. Basic properties 

Given a ring R, an {R, i?)-bimodule £ is called an i?-coring if there exist {R, R)- 
bimodule maps : € € (E)r € and ec : £ — * i?, such that 

(Ac ®fl £) o Ac = {€ (E)R Ac) o A^, {e^ <E)r £) o A^ = (£ (E)r e^) o A^ = £. 

The map A^ is called the coproduct while the map eg; is called the counit of £. A morphism 
of i?-corings £ and D is an {R, i?)-bimodule map f : £ ^ 2) such that Aj, of = (fi8)Kf)oAa; 
and ex) o f = e^. Given an i?-coring £, a right £-comodule is a right i?-module OJl together 
with a right i?-module map : 971 ^ 9Jl ®r £ such that 

(p^ ®J^ £) ° p"" = (an ®fl Ac) o p^, (on ec) o - 9Jl. 

A map between right £-comodules is a right i?- module map respecting the coactions, i.e., 
f : 9Jl ^ 01 satisfies p'^ o f = (f ®^ £) o p^. The category of right £-comodules is denoted 
by M^, and their morphisms by Hom^(— , — ). The actions of Ag and p^ on elements 
are denoted by the Sweedler notation Ac(c) = C(i) ^r C(2), p™{m) = m(o) ®i? 'ti(i). 
Similarly one defines left £-comodules, and bicomodules. 

Any ring R can be viewed as an _R-coring via the identity maps. In this case the 
category of comodules is the same as the category of right i?-modules. Furthermore, 
given a ring extension S ^ R, the (i?, i?)-bimodule <L — R ®5 R is an i?-coring with 
the coproduct Ac(r (§5 r') = r (§5 1^ (8)5 r' and the counit ec{r ®s r') = rr' , for all 
r,r' S R. We refer to this coring as the canonical Sweedler's coring associated to a ring 
extension S R. The category of £-comodules in this case is isomorphic to the category 



of (noncommutativc) descent data EQ], |11 for the ring extension S ^ R. Finally, let 



(A, C)ti, be an entwining structure over a commutative ring fc, i.e., A is a /c-algebra, C is 
a fc-coalgebra with a counit e and coproduct A, and ip : C ^ A ^ A^C is a. fc-linear map 
satisfying mixed distributive law conditions (cf. |^ or Q for details). Then £ = A® C is 
an j4-coring with the following structure. Left A-multiplication is given by the product 
in A, right A-multiplication is provided by the map ip, i.e., (a (8) c)a' = a'ip{c ® a'), the 
coproduct and the counit are Ag — A® IS. and = A® e. In this case — (?/;), 
the latter denoting the category of (A, C)^-entwined modules, i.e., right A-modules and 
C-comodules M with a compatibility condition p^\ma) — to^q) V'('^(i) ® 0,), for all m G 
M,a€ A, introduced in [Q. 

A non-zero element g of an i?-coring £ is said to be a grouplike element if A();(g) — g®Rg 
and €c{g) — 1-R- A ring R viewed as a trivial i?-coring has a grouplike element 1r. 
Similarly, the canonical Sweedler's coring associated to 5 — > i? has a grouplike element 
li? (8>5 1_R. In general the existence of a grouplike element determines when a ring is itself 
a comodule of a coring (cf. Lemma 5.1]). Precisely, an i?-coring £ has a grouplike 
element g if and only if i? is a right £-comodule. The coaction reads p^{r) — gr. For 
example, in the case of an entwining structure (A, C)^, the corresponding coring has a 
grouplike element if and only if A is an entwined module. In this case g = p'^(l^) e A®C, 
where p^ is a coaction of C on A. 

Given an i?-coring with a grouplike element g and a right £-comodule 9Jl with a 
coaction p™ : dJl ^ VJl ®r €, one defines g-coinvariants of dJl as an Abelian group 

m'g°'^ = {m e 971 I p^(m) ^m®R g}. 
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The (7-coinvariants S of R form a subring of R equal to the centrahser of g in R, i.e., 
S ^ {s E R, I sg = gs}. 

Given any right 5-module M, where S are (/-coinvariants of i?, one can consider M®sR 
as a right £-comodule via the coaction 

pMig)sR : M ®s R^ M ®s R®r'^ = M 'g>s m 'g>s r ^ m gr. 

The assignment M ^ M ®s R defines a covariant functor — ®s R '■ M5 M^, known 
as an induction functor. If f : M N is a morphism in M5 then / ®s R : m ®s r l—^ 
f{m)®s'i'- Note that f®sR is a morphism in M|, since p^®^^{f {-01)^3 f) — f{m)CSisgr 
and {f^sR'®R^)°p'^®'^^{m(E)sr) ^ (f ®R*^)im(E)Rgr) = fim)(g>sgr. In the opposite 
direction ^ Proposition 5.2], the assignment Gg : M5, 971 1-^ 971™*^, defines a 

covariant functor, known as a g-coinvariants functor, which is the right adjoint of the 
induction functor — R ■ M5 M^. On morphisms Gg acts as a restriction of the 
domain, i.e., for any f : 97t ^ in M^, Gg(f) = f Iotcoc 

Example 2.1. Let £ be an i?-coring with a grouplike element g, and let S — R'g"'^ be 
the subring of g-coinvariants. View £ as a right or left £-comodule via the coproduct A^. 
Then R C™*^' as (i?, S')-bimodules. 

Proof. First note that since is an (i?, i?)-bimodule map, the set of g-coinvariants 
€1°'^ = {c e £ I Ae;(c) ^ c(g>R g} is a left i?-module. Thus C^"*^ is an (i?, S')-bimodule. 
Consider a left i?-module map cj) : R ^ ^g""', r ^ rg. Since S centralises g in i?, we have 
for all s G S' and r G R, (j){rs) — rsg — rgs — 4>{r)s, i.e., 4> is an (i?, S')-bimodule map. 
It is well-defined since /S.^{rg) — rg ^b. g, i.e., rg G €g°'^ for all r G i?, as needed. Now 
consider (/)~^ = Iccoc: £0°*^ R- Clearly is an (i?, 5)-bimodule map (since ec is 
an (i?, S')-bimodule map). Furthermore for all r G i?, (f)^^ o (j){r) = ec{rg) = r. Notice 
that if c G <tg"'^, then Air;(c) = c®ji g, hence applying ec ®r £ we have c = ec{c)g. Using 
this fact take any c G €g°'^ and compute, (t)0(j)~^{c) — (f>{eii{c)) — ^cicjg = c. This proves 
that (p^^ is the inverse of (j) in ^Ms, i.e., i? = as {R, S')-bimodules. □ 

The g-coinvariants functor can be viewed as a hom-functor. 

Proposition 2.2. Let £ be an R-coring with a grouplike element g and let S — i?™^ be 
the subring of g-coinvariants. For any 9JI G view Hom|(i?, m) as a right S-module 
via (fs)(r) = f(sr), for all f G Hom|(i?, 971), r e R and s € S. Then Hom|(i?,9Jl) ^ 
971^°*^ as rig/ii S-modules. 

Proof. First note that Hom^(i?, 9Jl) is a right 5-module as stated. Indeed, for all 
s € S , r G R and f G IIom^(i?, 9Jl) one computes 

(fs)(r(o)) ®ifr(i) = (fs)(lfl,) «ifigr = f(s) ®fl,gr = f(lfl) (g)7?^ sgr 
= f(lfl) (X-fl gsr = f((sr)(o)) (g)fl (sr)(i) 
= p^(f(sr))=p™((fs)(r)), 

i.e., fs is a right £-comodule map as required. Clearly the multiplication fs is associative. 
Now to any f G IIom^(i?, DJl) assign ruf = f(lii) G DJl. Since f is a right £-comodule map 
we have 

p^(mf) = p™(f(lfi)) = f(l(o)) ®R 1(1) = KIr) ®Rg = m^ ®R g. 
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SO that mj G 971^°*^. Furthermore for all s e S" we have nifs = (fs)(l_R) — f(s) = 
f(li{)s = rrijS. All this means that the assignment f i— > rrif is a right 5-module morphism 
Hom|(i?,ajt) ^ OJt™'^. 

Conversely to any m G OJt™'^ assign f„i e Hom/j(_R, f„i : r t-^ mr. Since m is 
in g-coinvariants, and is a right _R- module morphism one can take any r G i? and 
compute 

i.e., fm is a right C-comodule map. Since the assignments f nif and m t—^ fm described 
above are restrictions of the natural isomorphism Homj^(i?, 9Jl) = 971, they are inverses 
to each other as required. □ 

The existence of a grouplike element g in <t allows for a direct sum decomposition 
of £, € = i? © ker ec as {S, i?)-bimodules and (i?, 5)-bimodules, where S = i?™*^. The 
(S, i?)-bimodule isomorphism is given hy un : c i-^ {ec{c), gec{c) — c), with the inverse 
u]^^{r, c) — gr — c, while the {R, S')-bimodule isomorphism is : c i— > (ei£(c), c — (c)(7), 
with the inverse u~[^{r, c) = c + rg. Since ker eg; is an {R, i?)-bimodule there is a natural 
ring structure on i? © ker eg with the product given by (r, c)(r', c') — {rr' ,rc' + cr'), for 
all r,r' £ R and c, c' G keree, and the unit (1, 0). Using the isomorphisms ul or this 
ring structure can be pulled back to £, and the product comes out as 

cc' = eir(c)c' + cec(c') - ee (0)562; (c'), 

for all c, c' G £, and the unit is g. Furthermore the counit : £ — > i? is a ring map 
split by ring maps iL,iii. '■ R ^ given by, il '■ r ^ rg, ij^ : r 1-^ gr. In the case of the 
canonical Sweedler coring, the above ring structure appears in [p3| . Section 1.2] in the 
context of a braiding related to the noncommutative descent theory. 

Another basic property of corings with a grouplike element is the fact that their dual 
rings are augmentation rings. Recall from that the left dual of £, *C = /jHom(£, R) 
is a unital ring with unit and the product defined for all G *£ and c G £ by 
(5^')(c) = f(c(i)C'(c(2))). is an (i?, i?)-bimodule via (r^r')(c) = C(cr)r'. In the case 
of the canonical coring associated to a ring extension S R, *£ is simply the left S- 
endomorphism ring of R, while in the case of the ^-coring € = A(>^C associated to an en- 
twining structure {A, C)^, *£ is a twisted convolution product algebra (Hom(C, A),*^) 
introduced in Q (see for a special case). In general, every right £-comodule 971 is 
a left *£-module via ^to = m.(o)C(™(i))- This makes a subcategory of the category 
of left *£-comodules. Recently it has been shown in that is a full subcategory 
of .gM if and only if £ is a locally projective left i?- module (cf. |Q for the definition 
of a locally projective module). Next recall from p. 143] that a ring R is called a 
left augmentation ring if there exists an i?-module M and a left i?-module morphism 
t: : R —>■ M. M is called an augmentation module. 

Proposition 2.3. Let £ be an R-coring with a grouplike element g. Then *£ is a left 
augmentation ring with the augmentation module R. The left action of *^ on R is 
provided by ^r — S,{gr) for all r E R, Cz *£. 

Proof. That the map given above defines a left action of *£ on i? follows from the 
fact that i? is a right £-comodule, and hence it is a left *£-module as recalled above. The 
augmentation tt : *£ — > i? is given by ^ 1— > S,{g). To show that tt is a left *£-module map, 
take any e and compute: ni^C) = mig) = m'ig)) = ^9^^)) = CHO- □ 
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Proposition 2.3 extends an observation made in ]19| in the case of finitely generated 
corings. 



3. The Amitsur complex 

Tliere is a close relationship between corings with a grouplike element and a certain 
type of differential graded rings, first described by Rojter p5| . 

First recall that a differential graded ring is an N U {0}-graded ring il — ®;^q i^" 
together with an additive degree one operation d : fl* ^ r2*+^ such that dod — 0, which 
satisfies the graded Leibniz rule, i.e., for all elements lo' G and all degree n elements 
Lu, d{Luuj') = d{uj)Lu' + (-f)"wd(u;')- 

Given a coring with a grouplike element one constructs an associated differential graded 
ring as follows [g5|. Consider a tensor ring = ©^o^'H^); where Q^{€) = R and 
ri"(£) = £(g)ij£(8)_R- ■ -(EiijC (n-times). Define a degree one additive map d : 
via d{r) = gr — rg, and 

n 
i=l 

+ (-f)"+ic^ «>fl. • • • c" ®fl g 

A direct computation shows that d o d = and that d satisfies the Leibniz rule, hence 
(r2(£), d) is a differential graded ring. 

Remark 3.1. In fact the above construction of a differential graded ring can be extended 
to a slightly more general situation. An element 5 G £ is called a semi- grouplike element 
provided Atr[g) = g (g)R g. Note that every coring has a semi-grouplike element (indeed, 
take 5 = 0). Note also that the definition of a semi-grouplike element implies that 
''^ — £e(.9) £ i? is an idempotent in the centraliser of g in R, i.e., v? = u and ug = gu. 
The above construction of a differential graded ring makes no use of the fact that u = 1^ 
for a grouplike element. Thus it holds even if the phrase "5 is a grouplike element" is 
replaced by the phrase "g is a semi-grouplike element" . The case of g = is of particular 
interest for the development of the Cartier cohomology of corings ||l^ as it corresponds 
to the cobar resolution of £. 

Following Sweedler [ p6[ , given a ring S*, a ring R is called an S-ring or an algebra over 
S if there is a ring map S ^ R. Thus the notion of an iS-ring extends the notion of an 
5-algebra to the case in which S is neither commutative nor central in R. Extending 
further this notion to differential graded rings one says that f2 is an S -relative differential 
graded ring or a differential graded algebra over S if there is a ring map S ^ R = 
such that d is an (S, S')-bimodule map and d{S) = 0. 

Proposition 3.2. Let C be an R-coring with a grouplike element g, and let S = i?™*^. 

Then the differential graded ring (ri(£),d) is an S -relative differential graded ring. 



Proof. This proposition immediately follows from the facts that 5 is a centraliser of 
5 in i? (hence d{S) = 0) and that is an {S, S')-bimodule map. □ 
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Example 3.3. Take a ring extension S R, the canonical Sweedler's coring € — R^sR 
and a grouplike g — 1^ 05 Ij^. Then ~ R (8)5 R (^s ■ ■ ■ ®S R {n + 1-times), and 

c^" = Er=o'(-l)'er, where 

e" : ri (X)s • • ■ ®s ''n+i ^ ri (8)5 . . . (8)s (X)s Ifl. ®S ''i+i (^s • • ■ "Xig r„+i, 

i = 0, 1, . . . , n + 1. This means that {^1{R (S^s R), d) is the Amitsur complex associated 
to a ring extension 5' ^ i? [|| (see also ||, Section 6]). 



Motivated by Example 3.2 we call the cochain complex (^2(2), d) the Amitsur complex 



associated to a coring £ and a grouplike g. 

Example 3.4. Let £ = A eg) C be a coring associated to an entwining structure {A, C)^ 
over k. Suppose that A is an (A, C)^,-entwined module. Then = A (3 C®", and 

d"(a (8) ci (g) . . . (8) c„) = a(o) ® a(i) 8) ci (8) . . . 8) c„ 

n 

+ ^(-l)'a 8) ci 8) ... 8) A(c,) 8) . . . 8) c„ 

+ (-l)"+ia7/;"(ci 8) ... 8) c„ 8) l(o)) l(i), 

where V'" = (V- ® C®"-i) o . . . o (C®"-^ 8) V C") ° (C®"-i 8) Note that the product 
in ri(£) reads 

(a 8) ci 8) ... (8 Cm)(a' 8) Cm+i 8) ... 8) Cm+„) 

= a'0™(ci 8) ... 8) Cm 8) a') 8) Cm+l 8) ... 8) Cm+n. 

Proof. Only the last term in the expression for d" might require some explanation. 
We use the a-notation ip{c®a) = aa(E>c°' (summation over repeated indices understood) 
so that V'"(ci 8) . . . 8) c„ 8) a) = aa^...ai 8) c"^ 8) ... 8) c"". Then the last term in the 
expression for d" is obtained by the following chain of identifications 

(a 8> ci 8)A 1a ^ C2 8)^ . . . (E)a 'S> c„) (E)a 1(o) ^ l(i) 
= a 8> ci 8)A 1a ® C2 8)A . . . (XiA l(o)„^ ® c"" 8) l(i) 

= a 8> Ci 8)A 1a ® C2 8)A . . . (XlA 1(0)„ q _ '^n-l ® C"" 8> 1(1) 



= «l(0)a„...ai 8)...8)C" 8)1(1). 

Similar chain leads to the product in ri(£). □ 

Let £ be an it!-coring with a grouplike element g, and let S = R™'^. Recall from 
that a pair (£, g) is said to be a Galois coring if and only if there exists an i?-coring 
isomorphism x'- R®s R such that xO-R®S ^r) — 9- The map x is called a Galois 
isomorphism. 

Proposition 3.5. The Amitsur complex of a Galois R-coring (£,5) is acyclic provided 
R is a faithfully fiat left module of the suhring S of its g-coinvariants. 

Proof. Since i? is a faithfully flat left S'-module and the Amitsur complex {il{€),d) 
is a complex in the category of right S'-modules, it suffices to show that the complex 
(ri(£) (i^s R, d(^s R) is acyclic. Let x ■ R ®S — * £ be the Galois isomorphism of corings 
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and write x ^(c) = c*^^-' ®s c^^-* (summation understood), for all c G £. First note that 
for all c G £, c'^^^gc^^^ = c, and then compute 

(£ ®i? X)(c'^^g ^li? li? ®S c'^^ - C(i) ®fl C(2)^^) 0s C(2)^^^) 

c^i)^ ®fl gc(2) - c(i) c(2) = Ae(c(i\9c(2) - c) = 0. 
Since x is bijective we conclude that for all c G £, 

c(i)<7Cg)Sc(^) = C(i)X"^(c(2)). (*) 



For any n = 1,2, . . . consider an additive map /i" : ri"(G:) ®s R ^ ^r~^{(i) ®s R, 
: ®R . . . ®R ®S r ^ (-l)"c^ (Xifl ■ • ■ ^i?. c'^^^x^^c^r). We will show that the 
collection h of all such ft," is a contracting homotopy for d ®s R- On one hand we have 

/i"+i(d"(ci ®K . . . c") ®s r-) = i-ir+'g ®R ci ®fl . . . 0fl c"-ix"'(c"r) 

n-1 

-c^ ®if, • • ■ ®fl c"(i)X"^(c"(2)r) +c^(g)R--- (E>R c^'x^Hgr) 
= i-ir+'g <E>Rc'<»R... <»R c"-V"'(c"r) 

n-1 

1=1 

-c^ 0^ ■ ■ ■ c"(^^g c"^^V + ®_R • ■ • (g)_R c" (g)s r, 

where we have used equation (*) and the fact that x^^ig) — ®s Ifl- On the other 
hand, 

d^-\h^{c^(g>R...(E,RC^)(E,sr) = (-ir5®i?ci®fl...®flc"-ix"'(c"r) 

n-1 
i=l 

Thus ft"+id" + = f]"(G:) (g)s i?. This means that d (g)s i? is homotopic to the 

identity, so the complex {Q{(t)(^sR, d(^sR) is acyclic, and therefore the Amitsur complex 
is acyclic by the virtue of the fact that the functor — ®s R reflects exact sequences (for 
i? is a faithfully flat left S'- module). □ 

In fact, since there is a ring map S R, hence a map S f^(£), if S" ^ i? is faithfully 
flat and (£, g) is a Galois coring then the associated Amitsur complex ri(£) is a resolution 



of 5. Therefore Proposition 3.5 can be seen as a coring version of a well-known fact in 
the faithfully flat descent theory (cf. Proposition 6.2]). 

4. Connections and comodules 

The category of comodules of a coring with a grouplike element can be naturally 
described in terms of connections over a ring. Let S" — > i? be a ring extension, and let 
be an S'-relative differential graded ring with R = fl*^ . Recall from fl^ that a connection 
in a right i?-module M is a right S'-linear map V : M(S)r^I* — > MiS)r^''^^, which satisfies 
the Leibniz rule, i.e., such that for all w G M (E)r $7'^ and ui' G r2, V{ujuj') = V{uj)uj' + 
{~l)'^ujd{ijj'). A curvature of a connection V is a right S'-linear map Fy : M M^^rQ"^, 
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defined as a restriction of V o V to M, i.e., -Fy — V o V A connection is said to be 
flat if its curvature is identically equal to 0. 

It is important to note that a connection is fully determined by its restriction to the 
module M. Indeed, any element of M (SjR is a sum of terms of the form m ^rlu with 
m ^ M and lo € Vl. Now, viewing m as an element of M ®r fi", and using the Leibniz 
rule, the action of V on to ®b. ^ reads, V(to ®r uj) = V(to)w + to ®ii d{uj). 

To describe a relationship between connections and comodules of a coring we first need 
to introduce an appropriate differential graded ring [ p5| , Lemma 1]. 

Proposition 4.1. Let £ be an R-coring with a grouplike <? E € and let S he the subring of 
g-coinvariants. Then the associated Amitsur complex (ri(£),d) restricts to the S-relative 
differential graded ring S), d) with fl'^(€/S) — R and 

ri"(£/S') = kerec ®i^ kerec ^r...^r kere^, 

(kei taken n-times). 

Proof. The key observation here is that, firstly, for all r E R, £(r{d{r)) — ££(<??") — 
e^{rg) — r — r — Q, and, secondly, for any c^, . . . , c" G kereg, the Amitsur coboundary 
operator d" can be written equivalently as 

n 

1=1 

«)fi(cV) - 5ec(c'(i))) (c'(2) - ec(c'(2))5) 

«)fiC^+l (S,R...(g)RC". 

This expression shows immediately that the image of d" applied to (kere^)®'*" is in 
(keree;)'^«"+^ as required. □ 

Thus we have constructed an S'-relative differential graded ring ^1{€/S), which is 
termed a ring of €-valued differential forms on R. This construction has an interesting 
converse. Let be a differential graded ring with fi^ ~ R, and SI" = n^(S)RU^(S)R. . .^r^I^ 
(n-times). Consider a left i?-module £ = Rg ® il^. One easily checks that £ can be made 
into an (i?, i?)-bimodule with a right multiplication (rg + uj)r' — rr' g + rd{r') + ur' for 
all r,r' E R, io E Q} . Then £ is an i?-coring with the coproduct and counit 

^eirg) ^ rg (g)R g, Aiciuj) = g (E)r u + u (g>R g - d{u), ecirg + uj) = r, 

for all r € i? and w G O^. The coassociativity of Ac follows from the equality c?(ci;(-'^') (S^r 
uj^^'> +uj^^'> ^Rd{uj'-^'>) — 0, where d{uj) = w^'^-' (^ruj'-^^ is a notation. This is a consequence 
of the Leibniz rule and the nilpotency of d. Clearly, g is a grouplike element and ~ 
il{€/S), where S = ker(c? : R fi^). Note also that d{r) = gr — rg. In particular some 
differential calculi of noncommutative geometry based on Dirac operators or Fredholm 
modules, lead to corings with grouplike elements. 

Given a ring extension S R there is an associated universal differential graded 
algebra over S generated by the S'-ring R known as an algebra of S-relative differential 
forms QsR p3[ |. Let R/ S denote the cokernel of the ring homomorphism S R viewed 
as a map of (5, S')-bimodules, and let tt : i? — > R/ S be the canonical map of (S,S)- 
bimodules. Thus R/S is an S'-bimodule and for any n G N U {0} one can consider an 
{R, S')-bimodulc 

n'i;R = R(E)s (iJ/S*)®^" = R<»s R/S ®s R/S • ■ ■ ®s R/S, 
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and combine them into a direct sum flsR — ©^o^s^- is a cochain complex with 

a coboundary operator 

S ^1 '^S' ■ ■ • ®S '^Ti- 
lt is clear that dod = Q since S* ^ i? as a ring homomorphism is a unit preserving map so 
that tt{\r) = 0. Less trivial is the observation that {ilsR,d) is an S'-relative differential 
graded ring. The product in ClsR is given by the formula 

n 

(ro, . . . ,r„)(r„+i, . . . ,r„i) = ^(-l)""*(''o, • • ■ ,ri-i,ri ■ ri+i,ri+2, ■ ■ ■ ,r^), 

i=0 

where we write (ro, . . . ,r„) for ro 'S>s ■ ■ ■ ®s i^n etc., to relieve the notation. Also, the 
notation • r^+i is a formal expression that is to be understood as follows. Take any 
e TT^^{ri) and r'^^^ G 7r^^(ri+i), i = 1, . . . n - 1 then 

{nr'^^i for i = 
^("^yi+i) for < i < n 
'^{r'lri+i) for i = n 

Although ri ■ r^+i depends on the choice of the r[, it can be easily shown that the product 
of cochains does not. It can also be shown that the above expression defines an associative 
product and that d satisfies the graded Leibniz rule. The details can be found in jist . 
The algebra of S'-relative differential forms has the following universality property. Given 
any graded differential ring = ©„ri" and a ring homomorphism u : i? ^ such that 
d{u{s)) = for all s G S, there exists a unique differential graded ring homomorphism 
M* : ^sR ^ extending u. This means, in particular, that the identity map i? — > i? 
extends to a map of S'-relative differential graded rings ^IsR ~* ri(£/S). This can be 
understood purely in terms of coring valued differential forms since we have the following 

Proposition 4.2. Let S ^ R be a ring extension. Take the canonical Sweedler's coring 
C = Ri^s Rj OLi^d a grouplike element g = Ifj 05 1^. Then the differential graded algebra 
over S of iZ-valued differential forms is isomorphic to the algebra of S -relative differential 
forms ^sR- 

Proof. We first explicitly describe the structure of £ = i? i?-valued differential 
forms. Note that since the counit of the canonical coring coincides with the product map 
Hr/S ■ R ®s R —f R, r ®s r' ^ rr' , we have r2^(C/S) = kerec = ^cr ^^fs- Clearly, 
the Amitsur 0-differential d : r i-^ 1_r i^s r — r i^s ^R, has values restricted to ker fiR/s. 
Note that 17"(e:/S) = (ker^fl/s)®^". Thus if we could show that ker^^j/s ^ R(S)s R/S 
as (i?, i?)-bimodules, then we would have the required form of 0"(£/S). Indeed, the 
following iteration 

r!"(e:/s) = f7"-i(G:/s) (^flker^iA/s 

= (C/S) ®fl R ®5 R/S = n''-\€/s) ®s R/S, 

repeated rt-times would yield the desired result. Note that kei fiji/s — R R/S as 
(i?, S)-bimodules via the map 9 : kerfj^Rfs —^R'S's R/S, r^ (8)5 r- Yl,i ®S i^ir'i) 
with the inverse 6*"^ : r ®s 7r(r') = r ®s r' — rr' ®s ^R- Note also that the map does 
not depend on the choice of r' in the inverse image of 7r(r'). Indeed, if 7r(r') = then 
r' = sIr with s G S and hence r ^5 r' — rr' ®s Ir = r ®s sIr — rs ®s 1_r = as needed. 
The right i?-module structure of R ®s R/S is derived from the product in ^sR, i.e.. 
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(ro (g)^ 7r(ri))r = —r^r 05 7r(ri) + tq 05 7r(rir) and is well defined (does not depend on 
the choice of ri) by the similar argument as above. Clearly and are maps of right 
i?-modules. The isomorphism 9 extends to cochains of all degrees and one can easily 
check that it provides an isomorphism of S'-relative graded differential algebras. This 
isomorphism involves projections tt in all bar the first tensorand and thus maps all the 



Amitsur operators e" with z > in Example 3.3 to 0. Thus the resulting differential d 
has the form d : vq (g)s ri ®s ■ • ■ '^s rn '-^ ^b. ®s 7r(ro) ®s ri (S)s ■ ■ ■ <8>s as required, and 
the proof of the proposition is completed. □ 

Next we address the problem of existence of f2(£/S')-valued connections. 

Theorem 4.3. Let £ be an R-coring with a grouplike element g G £, let S be the subring 
of g-coinvariants of R, and let f2(€/S') be the ring of (^.-valued differential forms on R. 
A right R-module admits an fl{€/S) valued connection if and only if M 0^ etr is a right 
R-module retraction. 

Proof. Given a connection V : M M ^^{(L/ S) define an additive map 

jv : M — > Af £, m 1-^ V(m) + m ®r g. 

Since Im(V) C M(g)flker eg and e<t{g) — li?, the map jv is an additive section of M^flec- 
Furthermore for all m £ M and r € R, 

jv(w) = V(mr) + mr ®_r g = V(m)r + m (^ji d(r) + mr g 
= V(m)r + m (E)/?, gr — m®ifrg + m®^rg= j\j{m)r. 

where we used the Leibniz rule for V to obtain the second equality. Thus jy is a right 
i?-linear section of M iS)r ££. 

Conversely, suppose j : M ^ M (S)r € is a right i?-linear section of M iS)r ec, and 
define an additive map 

Vj : M M ®R 9} [(LIS) = M ®r kerec, m ^ j{m) -m®Rg. 

Note that V^- is well-defined since the fact that j is a section implies that for all m S M, 
m^ecic^) = m, where J^i ®-R = Therefore 

VjM ^{'m' ®Rc' - m'ec{c') (E)Rg) ^^m' (E)r (c* - ec{c')g), 

i i 

and each c* — e<t{c^)g € kere^. Finally for all m ^ M and r E R we have 

Vj{mr) — i{mr) — mr ®R g = j{m)r — m ®R rg 

— j {m)r ^ m ®B, gr + m ®R gr — m ®Rrg — Vj (m)r + m ®r^ dr, 

so that Vj satisfies the Leibniz rule for a connection as required. □ 

In particular Theorem implies that if a right _R-module M admits an ri(£/S') valued 
connection then M is a direct summand of a right i?-module M ®r £. As a special case 
of Theorem [f.3| one can take an algebra A over a field k, view it as an extension of 
k, and thus consider the corresponding Sweedler A-coring <t = A (g) A and a grouplike 
g = Ia^^a- In this case the g-coinvariants of A are simply equal to fc, and ri(£/fc) = 9A 



is a universal differential envelope of A by Proposition 4.2. By the canonical identification 
M ®A A ® A = M (g) A, for any M € 'M.a, the map M ®a coincides with the action 
of A on M, m (E) a I— > ma. The action is an A-module retraction if and only if M is a 



projective right A- module. Thus, as a special case of Theorem 4.3, we obtain the classic 
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result of Cuntz and Quillen ||T^, Corollary 8.2] which relates the existence of (universal) 
connections to projectivity. 

The importance of coring valued differential forms in relation to comodules of a coring 
is revealed by the following theorem. 

Theorem 4.4. Let £ be an R-coring with a grouplike g G £, let S he the subring of 
g-coinvariants, and let fl{€/S) be the ring of (^-valued differential forms on R. Then 
a right R-module dJl is a right ^-comodule if and only if it admits a fiat connection 

V -.m^m^RnitL/s). 

Proof. Suppose 971 is a right £-comodule with a coaction and define 
V :S[H^Srn®fll7i(£/S'), p^{m) -m®Rg. 

Since is a right i?-module splitting of 9Jt ®_r ec, the map V is a connection by 



Theorem 4.3 



We can now compute the curvature F\j of V. Take any m G SJt and compute 
Fy{m) = V(to(o) TO(i) - 771 ,g) 

= V(777(o)) (g)R 777(1) + W(o) (gifl d?77(i) - V(777) (S) R g + rn (g) R dg 
= 0, 

by the coassociativity of and the definition of d. 

Conversely, suppose 971 is a right i?-module with a fiat connection V : 971 — > 9Jl ® i?, 
kercir. For any 777 e 971, write V(777) = X^i"^' Then the flatness of V means that 

= 771' ®fl cO = E^ VK) + E^ <»R d{c') , 1.6., 

^ 777* ®R C\i) ®R C\2) = ^ TTl'-' ®R S> «)_R + ^ 777* 5 «)_R c' + ^ 771* ®R & ®R g, 

i ij i i 

where V(777*) = 777*-' ®r^ & . 

Now define an additive map : 97t ^ 971 ®r €, m i-^ V{m) + 771 ®r g. Note that 



coincides with the map jv constructed in the proof of Theorem 4.3, and thus it is a right 
i?- module map. Since every in V (771) = 'Y^^m'^ ®Rd is an element of kerec, 'AnAeii{g) — 
1r, we immediately conclude that (971 ®r e(r)p^(m) = m. Therefore it only remains to 
be shown that p™ is coassociative. Since explicitly p^{m) = J^i ®-R + 777 (S)r g, we 
have 

ip'^^R^p'^im) = ^p^(77lO®flC'+p^(777)®fl,g 

i 

= 771*^' ®R ~d ®RC^ +Y 771* ®R g ®R d 

ij i 

+ y^^m'' (g)Rc' (E>Rg + mi^R g ®R g 

i 



®Rc\i) ®Rc\2) +m®Rg®Rg^ {m. ® r l^c) P [m) , 



where we used the flatness of V to derive the penultimate equality. This proves that p^ 
is a coassociative coaction, and hence 971 is a right £-comodule. □ 



In the proof of Theorem 4.4 we have constructed two assignments. Given a right R- 
module 97t, to every right ^-coaction one assigns a flat connection VpOJ! defined by 
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m 



€-coaction py 



m g. Conversely to any flat connection V one assigns a right 
■ V(m) + m iS)R g- Clearly these assignments are inverses of each 



other and hence establish an isomorphism of sets of flat connections and right £-comodule 



structures. In fact Theorem 4.4 describes an isomorphism of categories. 

Consider a ring extension S R and an S'-relative differential graded ring O with 
= R. A category of (right) connections with values in fi, denoted by Conn{R/ S, fi) 

consists of pairs (M, V) where M is a right i?-module and V : M ^r ft* — > M f2*+^ 

is a connection. A morphism (M, V) {N, V') in Conn(_R/5, fl) is a right _R-module 

map f : M N making the following diagram 

/ 



M 



N 



V 



Mi 



1 /' 



v 



commute. Note that the Leibniz rule renders also the following diagram commutative 



Mi 



v 



In particular we can consider the following diagram 



M 



M 



M isiR n"^ 



N 



V 1 v 



Nc?)Rn^ 



in which both left and right squares commute. This implies that the outer rectangle 
is commutative, hence F' o f — [f (^r 57^) o F, where F is the curvature of V and 
F' is the curvature of V. This shows that Conn{R/ S,fl) contains a full subcategory 
Conno(i?/5', fi) of flat connections. Objects of Conno(i?/5, fi) are pairs (M, V) where 
M is a right i?-module and V is a flat connection. 
Now Theorem 4.4 leads to the following 



Theorem 4.5. Let £ be an R-coring with a grouplike element g G let S be the subring 
of g-coinvariants, and let fl{€/S) be the ring of €-valued differential forms on R. Then 
is isomorphic to ConnQ{R/S,n{(Z/S)). 

Proof. On objects, the isomorphism is provided by the assignment constructed in 
Theorem 4.4, while on morphisms f : 9Jl — » f <-> f. Indeed, if f is a morphism of right 



ff-comodules then for all m £ 971, 

o f(m) — \{m) 

(f®fle:)(p^(m) 



V <n o f(m) 



m(g)Rg) 



(f (8_R £) o V„™ (m). 
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Conversely, if f is a morphism (9Jl, V) {m, V) in Conno(i?/5, n{€/S)) then 

p^, of(m) = V'(f(m)) +f(m) = (f «)fl.e:) o V(to) +f(m) (g)ii <? 

= if ®R €) o {V{m) +m^Rg) = if (E)R(L)op^. 

This completes the proof of the theorem. □ 

Example 4.6. The ring R admits a flat connection, V(r) — gr — rg — d{r). 

Example 4.7. Let (A, C)^ be an entwining structure over k, and let (L — A C he 
the associated yl-coring. Suppose A is an (A, C)^-entwined module. Then A (g) C®", 
n — 1,2,... has a flat connection 

V(a ® ci . . . c„) = a ci . . . (g) A(c„) - a'0"(ci (g) . . . (X) c„ (g) l(o)) (8) l(i), 

where V'" : C"^" .4 ^ A C®" is defined in Example |3l. 

Proof. This follows immediately from the fact that A eg) C®" is a right £-comodule 
(or, equivalently, an (A, C)^-entwined module) Q]. □ 

Dually we have 

Example 4.8. Let {A, C)^ be an entwining structure over k, let € — A ® C he the 
associated A-coring. Suppose A is an (A, C)^-entwined module. Then C A®", n = 
1,2,... has a flat connection 

V(c (g)a^ (g) a") = C(i) (g) V'n(c(2) g) g) . . . » a") - c (g) (g) . . . (g) a"l(o) g) l(i), 
where = (A® ""^ g) V-) o • ■ • o (A® V » ^® ""^) o (V- » ^® ""^) : Cg)A®" ^ A®"g)C. 
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